Wilf and Zeilberger conjectured in 1992 that a hypergeometric term is proper-hypergeometric if and only if it is holonomic. We prove a slightly modi ed version of this conjecture in the case of several discrete variables.
Introduction
Let K be a eld of characteristic zero, n 1 ; : : : ; n d variables ranging over the nonnegative integers, and E i the corresponding shift operators, acting on functions of n 1 ; : : : ; n d by E i f(n 1 ; : : : ; n i ; : : : ; n d ) = f(n 1 ; : : : ; n i +1; : : : ; n d ). A K-valued function T(n 1 ; : : : ; n d ) is a hypergeometric term if there are rational functions A hypergeometric term is proper if it can be expressed as a product of a polynomial, several factorials of linear forms with integer coe cients, their reciprocals, and exponential functions. In 20] it is proved that proper hypergeometric terms are holonomic. Wilf and Zeilberger conjectured 19, p. 585] that a hypergeometric term is proper if and only if it is holonomic. Their conjecture concerns hypergeometric terms which depend on several discrete and continuous variables. We prove a slightly modi ed version of their conjecture in the discrete case, namely that every holonomic hypergeometric term is conjugate to a proper term (meaning that the two terms have the same certi cates). This modi cation is necessary as shown, e.g., by the bivariate hypergeometric term T(n; k) = jn kj which is holonomic since its generating function P n;k 0 jn kjx n y k = (x=(1 x) 2 + y=(1 y) 2 )=(1 xy) is rational, but T is not proper (see Example 6) .
Our proof of the modi ed Wilf-Zeilberger conjecture is based on the Ore-Sato Theorem (as it is called in 5]) which states essentially that for every hypergeometric term T there is a rational function R and a proper term T 0 such that (E i T)=T = (E i (RT 0 ))=(RT 0 ) for all i. This was proved in the bivariate case by Ore using elementary means 11, 12] , and in the multivariate case by Sato using homological algebra 15, Appendix]. We give an elementary proof of the multivariate Ore-Sato Theorem. The necessary tools that are useful also for other purposes are developed in Section 3 (normal forms of rational functions) and Section 4 (shift-invariant and pairwise shift-invariant polynomials). The certi cates F i of a hypergeometric term clearly satisfy the compatibility conditions (E j F i ) = F i = (E i F j ) = F j . In Section 5 we give an algorithm which, given compatible rational functions Section 6 we use this structure theorem to prove the Ore-Sato Theorem (Corollary 4). In Section 7 we show that a rational sequence is holonomic if and only if its denominator factors into integer-linear factors. Together with the OreSato Theorem, this yields our main result: Every holonomic hypergeometric term is conjugate to a nontrivial proper term (Theorem 14). In these results, hypergeometric terms are treated as algebraic objects. But in applications hypergeometric terms are functions which take on speci c values, therefore it is important to deal also with the questions of their zeros and of singularities of their certi cates { which have received little attention in the literature referred to above. To overcome these problems we introduce the notion of nonvanishing rising factorials (Section 1), and two equivalence relations among nontrivial hypergeometric terms, namely equality modulo an algebraic set, and conjugacy between solutions of a rst-order system of recurrences with polynomial coecients (Section 2). After we had obtained our results in the bivariate case 3, 4], it was brought to our attention that the bivariate Wilf-Zeilberger conjecture has been proved independently, and at almost the same time, also by Hou 8, 9] .
Throughout the paper, K is a eld of characteristic zero, and N denotes the set of nonnegative integers. We write u = (u 1 We de ne the rising factorial ( ) n for all 2 K and n 2 Z by Let Z( ) be the set of all n 2 Z such that ( ) n = 0. Obviously,
fn 2 Z; n + 0g; 2 Z and > 0; fn 2 Z; n + > 0g; 2 Z and 0; ;;
Note that ( +n) n serves as a kind of a pseudo-inverse for ( ) n , in the following sense:
if ( ) n 6 = 0 then ( + n) n = 1=( ) n , if ( ) n = 0 then ( + n) n = 0.
It is easy to verify that the sequence ( ) n satis es the rst-order recurrence
for all n 2 Z. We will also need another solution of (2) which is nonzero for all 2 K and n 2 Z. We call it the nonvanishing rising factorial and denote it ( ) n . It is de ned as the usual rising factorial, except that zero factors are omitted wherever they appear:
( ) n ; ( ) n 6 = 0; ( ) 1 (0) +n ; 2 Z and > 0 and + n 0; ( ) (1) +n 1 ; 2 Z and 0 and + n > 0: Now we have ( + n) n = 1=( ) n for all n 2 Z.
Example 1 According to our de nitions, (1) n = n!; n 0; 0; n 1 ; (0) n = ( 0; n 1;
n ( n)! ; n 0 ;
(1) n = ( n!; n 0;
n+1
( n 1)! ; n 1 ; (0) n = ( (n 1)!; n 1; 
n+ +1
( n 1)! ; n + < 0:
Thus rewriting factorials in terms of the nonvanishing rising factorials, we either get the factorial itself or its shadow (perhaps with the opposite sign), whichever is de ned. . Trivial sequences can be described as those with algebraic support. Note however that a nontrivial sequence can vanish on a non-algebraic set.
Example 2 The sequence T(n; k) = n k = (n k + 1) k (k + 1) k is nontrivial because supp T = f(n; k) 2 N 
for all n 2 N d and 1 i d, hence T 0 is a hypergeometric term. Clearly T(n) also satis es (6), so T 0 ' T. 2
The converse of Proposition 3 is of course not true, because conjugate hypergeometric terms may di er everywhere, as any constant multiple of a term is clearly conjugate to it.
Example 3 The \patchwork" sequence T(n; k) = 8 < :
2(n 2k)!; n > 2k; 3 k ; n = 2k; 7 ( 1) n (2k n 1)! ; n < 2k = 8 < :
2 (1) n 2k ; n > 2k; 3 k ; n = 2k; 7 ( 1) n (2k n) n 2k+1 ; n < 2k = 8 < :
2 (1) n 2k ; n > 2k; 3 k ; n = 2k; 7 (1) n 2k ; n < 2k is a hypergeometric term because it satis es the recurrences (n 2k)(n 2k + 1)T (n + 1; k) = (n 2k)(n 2k + 1) 2 T(n; k);
T(n; k + 1) = (n 2k 2)(n 2k 1)(n 2k)T (n; k) (8) for all n; k 2 N . Clearly, T(n; k) is conjugate to the hypergeometric terms T 1 (n; k) = (1) n 2k , T 2 (n; k) = ( 1) n 2k (2k n) n 2k+1 , and T 3 (n; k) = (1) 1;n 2k which satisfy the same rst-order recurrences (7) and (8), but it is not equal to either of them modulo an algebraic set.
Identi cation of multivariate sequences which agree outside an algebraic set is consistent with identi cation of univariate sequences which agree outside a nite set (cf. 16]). Such identi cation enables us to regard every rational function R 2 K(x) as a sequence R(n), without actually having to specify its values at the singular points of R. Therefore, if T is a hypergeometric term satisfying (5), we can write
where F i = q i =p i , for 1 i d. Sometimes these rational functions are called the certi cates of T.
Example 4 For the term T(n; k) de ned in Example 3, we have T(n+1; k) = a (n 2k + 1)T (n; k) and (n 2k 1)(n 2k)T (n; k + 1) = a T(n; k), so its certi cates are n 2k + 1 and 1=((n 2k 1)(n 2k)).
It is clear that the certi cates of a hypergeometric term satisfy certain compatibility conditions. Proof: (i) From (9) we have
for n outside some algebraic set A. Obviously every hypergeometric term is conjugate to the zero term, and also to every trivial term. But when restricted to nontrivial terms, this relation is transitive, and hence an equivalence relation:
Proposition 5 Let T 1 , T 2 , T 3 be hypergeometric terms such that T 1 ' T 2 , T 2 ' T 3 . If T 2 6 = a 0 then T 1 ' T 3 .
Proof: This follows from Proposition 4(ii). Note that if the coe cients in (11) are constant we may use the same recurrence for all i 2 f1; 2; : : :; dg. Example 5 The term T(n; k) = n k is holonomic because it satis es condition (i) of Theorem 1 with the constant-coe cient recurrence T(n; k) T(n 1; k) T(n 1; k 1) = 0 valid for n; k s = 1. Condition (ii) is satis ed as well because T(n; 0) T(n 1; 0) = 0 for n 1, and T(0; k) = 0 for k 1. The term T(n; k) from Example 3 is also holonomic, because it satis es condition (i) of Theorem 1 with the constant-coe cient recurrence T(n; k 2) 4 T(n 2; k 3) + 3 T(n 4; k 4) = 0 valid for n; k s = 4. Condition (ii) is obviously satis ed as well. 
De nition 6 (proper term) A sequence T is a proper term if there is a polynomial P 2 K x] and a factorial term T 0 such that T = P T 0 : (13) Note that the de nitions of hypergeometric, holonomic, factorial, and proper terms are all symmetric in the variables n 1 ; n 2 ; : : : ; n d . Hence if T(n) has one of these properties, then so does T( (n)) where is any permutation of n.
Theorem 3 Every proper term is hypergeometric and holonomic.
Proof: Let T(n) be a proper term. Then T(n) = P(n)T 0 (n) where P 2 K x] is a polynomial and T 0 (n) is of the form (12) . As a rational function, P(n) is clearly hypergeometric. By using (2) repeatedly, each factor on the righthand side of (12) is hypergeometric as well. Hence, by Proposition 2, T(n) is hypergeometric.
Similarly, each factor of T(n) satis es a recurrence with constant coe cients:
If r = deg n1 P(n) then r+1 n1 P(n) = 0. Clearly, u n+1 = u 1 u n . If f(n) = ( ) a T n+c or f(n) = ( + a T n) (a T n) then f(n + h) = f(n) where h is any nonzero integer vector orthogonal to a. The Example 6 Let T(n; k) = jn kj. Then (n k)T(n+1; k) (n k+1)T(n; k) = 0 and (n k)T(n; k + 1) (n k 1)T (n; k) = 0 for all n; k 2 N , so T(n; k) is a hypergeometric term. It is also holonomic as it satis es condition (i) of Theorem 1 with the constant-coe cient recurrence T(n; k) T(n 1; k 1) = 0 valid for n; k s = 1, and condition (ii) is obviously satis ed as well.
We claim that jn kj is not equal to any proper term, not even modulo an algebraic set. To prove this, assume on the contrary that jn kj = a T 0 (n; k) where T 0 (n; k) is a proper term. Let Q 2 K x; y] be a nonzero polynomial such that jn kj Q(n; k) = T 0 (n; k) Q(n; k) for all n; k 2 N . Write T 0 (n; k) = P(n; k) u n v k ; i + a i n + b i k > 0g. In either case, T 0 (n; k), and hence jn kj Q(n; k) would vanish on a non-algebraic set, which is false. Hence ( i ) ain+bik 6 = 0 for all n; k 2 N . In the same way we see that ( j + c j n + d j k) (cj n+djk) 6 = 0 for all n; k 2 N . Therefore we can write T 0 (n; k) = P(n; k) u n v k
Pick n 0 ; k 0 2 N such that n 0 < k 0 and Q(n 0 ; k 0 ) 6 = 0. Such n 0 ; k 0 certainly exist, for otherwise the univariate polynomial Q(n 0 ; k) would be identically zero for each n 0 , as it would vanish for all k > n 0 , and hence Q itself would be the zero polynomial. Let t(n) = T 0 (n; k 0 ) Q(n; k 0 ) = jn k 0 j Q(n; k 0 ). This is a univariate hypergeometric term which can be written in the form
; for all n 2 N ; (14) where p 2 K x], w; i ; j 2 K, and ( i ) n ; ( j ) n 6 = 0 for all n 2 N . If i j 2 Z then ( i ) n =( j ) n is a rational function of n, hence we can rewrite (14) as t(n) = r(n) w n t 0 (n); for all n 2 N ; where r 2 K(x) is a rational function, and t 0 (n) is a nonvanishing univariate hypergeometric term whose certi cate f 0 (n) = t 0 (n + 1)=t 0 (n) is a shiftreduced rational function. Let f(n) = t(n + 1)=t(n) = jn + 1 k 0 j Q(n + 1; k 0 )=(jn k 0 j Q(n; k 0 )) = a (n + 1 k 0 ) Q(n + 1; k 0 )=((n k 0 ) Q(n; k 0 )). Then both (w f 0 (n); r(n)) and (1; (n k 0 ) Q(n; k 0 )) belong to RNF n (f). It follows from Theorem 6 that w f 0 (n) = 1, hence t 0 (n) = c=w n for all n 2 N , where c 2 Knf0g is a constant, so t(n) = c r(n) for all n 2 N . But t(n) = jn k 0 j Q(n; k 0 ) = a (n k 0 ) Q(n; k 0 ), therefore by Proposition 1, the two rational functions c r(n) and (n k 0 ) Q(n; k 0 ) are identical, and t(n) = (n k 0 ) Q(n; k 0 ) for all n 2 N . Thus we have jn k 0 j Q(n; k 0 ) = (n k 0 ) Q(n; k 0 ) for all n 2 N , and in particular, jn 0 k 0 j Q(n 0 ; k 0 ) = (n 0 k 0 ) Q(n 0 ; k 0 ). As Q(n 0 ; k 0 ) 6 = 0, it follows that jn 0 k 0 j = n 0 k 0 , contrary to our choice of n 0 < k 0 . This contradiction shows that jn kj is not equal to any proper term, not even modulo an algebraic set. Note however that jn kj is conjugate to the nontrivial proper term n k, as well as to any term T 00 of the form T 00 (n; k) = a (n k); n k; b (n k); n < k where a; b 2 K are arbitrary. (17) where A = a l0 + a l0+1 + + a l1 1 
Then there are m; n 2 N , m 1, n 0, such that p(x + m) divides a(x) and p(x n) divides b(x).
Let m 2 N , m 1, be such that p(x+m 1) divides v(x) but p(x+m) does not. Then (20) implies that p(x + m) j a(x)u(x + 1)v(x). As p(x + m) ? u(x + 1)v(x), it follows that p(x + m) j a(x).
Let n 2 N , n 0, be such that p(x n) divides v(x) but p(x n 1) does not. Then (20) implies that p(x n) j b(x)u(x)v(x + 1). As p(x n) ? u(x)v(x + 1), it follows that p(x n) j b(x). 2
The following property of divisibility in K x] will be used freely. Proposition 8 Let Lemma 6 Let F 0 , G 0 , s; t; u; v be as in (21), (22) 
(iii) Let p be an irreducible factor of F (k) i . By construction, p is a shift of some irreducible factor q of F 
where F i;u (a T n) = Q u 1 j=0 E j i F i (a T n) and F i; u (a T n) = 1= Q u j=1 E j i F i (a T n). 
Then T(n) ' Q m k=1 T k (n). As in the proof of Theorem 12, we can achieve that T(n) will be nontrivial. be nonholonomic by various ad hoc arguments. Using Theorem 13, nonholonomicity of these sequences follows from the fact that their denominators do not factor into integer-linear factors. Likewise, the trivariate rational sequence T(n; m; k) = 1=((n m)(k m) + 1) is not holonomic by Theorem 13. Note that T(n; m; k) satis es condition (i) of Theorem 1 with the constant-coe cient recurrence T(n; m; k) T(n 1; m 1; k 1) = 0 valid for n; m; k s = 1, but condition (ii) is not satis ed as the bivariate sequence T(n; 0; k) = 1=(nk + 1)
is not holonomic. 
